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C^ ' The Schwarzschild spacetime is derived from two assumptions: 1). Quasilocal mass from in an 

isolated System, and 2). finite surface gravity. The deduction is extended to the de Sitter, Reissner- 

(«_^ , Nordstrom and higher dimensional cases. This paper demonstrates the minimal condition to obtain 

Cn . Schwarzschild metric via thermodynamics, and essentially the Misner-Sharp mass is the mass for 

%^ ' isolated System in a microcanonical ensemble. 
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I. INTRODUCTION 



^-^ Schwarzschild is the most important Solution in gravity theory, and one of the niost iniportant Solutions in physics. 

f— I In principle, we can consider an infinite number of cffects by which general relativity (GR) could be tested. In 

D practice, however, the gravitational infiuence of GR is too tiny to measure in most cases. The solar System is a 
f^' perfect approximation for spherically Symmetrie static Space, and as a result, suitable arena to test GR as manifested 
c/3 , in Schwarzschild metric. Three classical Einstein effects-the anomalous perihelion precession of Mercury's orbit, the 
_ ^ ' deflection of light by the Sun, and the gravitational redshift of light only verify the Schwarzschild metric. On the 
c/3 other hand, Newton's theory confronts serious difficulties when applied to the universe as a whole. For a long time 
^~> GR was expected to provide a firm foundation in the treatment of cosmology. In some sense we can say that GR 
predicts a dynamical universe. However, the recent detailed observations of the dynamical evolution of the universe 
display the gap between theory and observations. There are still some serious problems, such as dark matter and 
dark energy, in relativistic cosmology. That is why numerous niodified gravity theories are suggested. Hence, the 
experimental verifications of GR are limited in the Schwarzschild metric. We can speak in strict sense that these 
verifications just verify Schwarzschild spacetime. Thus, it is very interesting to check the minimal hypothesis to 
derive Schwarzschild spacetime rather than the füll theory of GR. 



> 

vQ ' In black hole thermodynamics (in fact, spacetime thermodynamics, because the physical quantities in black hole 

^^ \ thermodynamics usually have global nature for a manifold) dynamic variables of the Solutions of gravity field equation 
obey the laws of thermodynamics [1 j . One may be curious that whether Einstein equation itself iniplies thermodynamic 
laws. However, in a general spacetime it is very difficult to construct thermodynamics, even the physical quantities 
^^ , like mass, entropy, angular momentum do not make sense, since there is no Killing field. Furthermore, a general 
spacetime must be in non-equilibrium State, while we know little about non-equilibrium thermodynamics even for 
;V , ordinary matter. This does not prevent us from exploring the inverse problem, i.e., to derive Einstein equation from 
. S^ ' thermodynamic considerations. Jacobson got Einstein equation on a hypersurface tilting to a null surface by using the 
j^ local first law, assuming the entropy is proportional to the area of the local Rindler horizon of an infinitely accelerated 

jH ' observer, and the temperature is the Unruh temperature sensed by this observer '2i|. In fact, null observer is used 
in this reasoning, which is a brave generalization of the concept of observer. The other problem worth discussing 
further is that this derivation reaches a general case, whether in or well beyond equilibrium State, by using the laws 
for equilibrium thermodynamics. Logic deduction can only gets conclusions in the domain less than or equal to 
the domain on the premise. It is difficult to judgc whether general spacetime described by Einstein equation is in 
equilibrium. It can be of course far from equilibrium. This problem is overcome in part in Verlinde's entropic force 
approach [3|. He works in a stationary spacetime, i.e., a time-like Killing vector exists. The spacetime slices are 
identical to each other when we shift along the integral curve of the Killing vector. It is reasonable to assume that this 
spacetime is in equilibrium, and thus legal to apply thermodynamics for equilibrium states on such a manifold. Strictly 
the derived Einstein equation in this approach is just valid in stationary spacetime. Also, the Newton's 2nd law and 
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gravity law are explained by thermodynamics. But the derived Newtonian laws must be different from the classical 
Newtonian law, since in the Unruh temperature is applied the derivation, while Unruh temperature concentrates on 
the 4-acceleration rather than 3-acceleration. The resulted Newtonian laws cherish Lorentz invariance, which can be 
treated as the Newtonian law reformed by Sommerfeld [4| . The entropic force approach is followed by several works 
[5|. Some problems are pointed out in previous investigations. First, the position of the holographic screen may lead 
to negative temperature [6|. Second, the experiments by using ground based ultra-cold neutrons seem contradicting 
to the concept of entropic force [7!|. In view of this Situation, we constrain our ambition to a smaller project, that is, 
to derive the most thoroughly tested case of GR (Schwarzschild spacetime) by some "simple" assumptions, Coming 
or not Coming from thermodynamics. 

In the previous derivations of GR, one have to introduces a concept essentially from quantum theory, i.e., Unruh 
temperature for accelerated observer. This founds the whole GR on quantum theory. However, one cannot find any 
quantum feature of GR and one does not make any semi-classical approximation in the derivation. In our derivation 
of Schwarzschild in this work, we work in a consistent way without any concepts from quantum theory. 

This article is organized as foUows. In the next section we present our two conditions, which can yield 
Schwarzschild spacetime. In section 3 we discuss some related topics, including asymptotic de Sitter/anti de Sit- 
ter, Reissner-Nordstrom, higher dimensional Schwarzschild , and F(R) gravity cases. We conclude this paper in 
section 4. 

II. DERIVATION OF SCHWARZSCHILD 

We take a static spherical metric ansatz as follows, 

ds^ = -f{r)df + h{r)dr^ + r^dül, (1) 

where /(r), h{r) are two general functions of r, f22 denotes a unit 2-sphere, and ^ is the time-like Killing vector (may 
be not a global one). Now we apply thermodynamics to this spacetime. The first problem to deal is the gravitational 
energy (mass) in a finite volume. In opposite to Intuition, the gravitational mass is an very intricate problem. It is 
no problem that gravity is associate with energy, eise gravity wave becomes senseless. But when we want to write 
its energy density, it becomes elusive. Local form of gravitational energy-momentum is forbidden by equivalence 
principle. Alternatively, people turn to quasi-local form. Arduous works have been contribute to the quasi-local 
mass density of gravity. Numerous forms for quasi-local gravitational mass have been suggested [8J. However, a 
general accepted from is still in absence. An interesting example is given in [9|, which shows that Komar, Hawking, 
Penrose, Ludvigsen-Vickers, Bergqvist-Ludvigsen, and Kulkarni-Chellathurai-Dadhich quasi-local masses are different 
from each other for Kerr metric. In a spherically Symmetrie Space the Situation is comparatively simple. There are 
still several possibilities. A leading form is Misner-Sharp energy, which has been explored in numerous works, under 
different situations lu]. In a spherically Symmetrie space ([T]), the Misner-Sharp mass inside the sphere with radius r 
reads, 

Mras - ^ (1 - h-^) : (2) 

which we call a Misner-Sharp System. Considering the micro-canonical ensemble composed by the Virtual copies of 
an isolated Misner-Sharp System, we write the first law as follows. 



SMms = 0. (3) 



which implies. 



h^ -h + rh' ^ 0, (4) 

where prime denotes derivative with respect to r. Solving the above equation we immediately obtain. 



^x-l 



r 



h= 1-- , (5) 



where C is an Integration constant. 

Thus we get "half Schwarzschild spacetime. Based on the known spacetime, the surface gravity is finite except the 
singularity. In fact, singularity does not belong to spacetime, hence we can say surface gravity is finite everywhere 
for all the spacetimes. Here we take this fact as a fundamental presupposition to obtain a relation between /(r) and 



h{r). The surface gravity is defined as the product of the amplitude of the 4-acceleration for a particle resting at the 
static coordinates and (— (?oo)^^^- In coordinates H]), the position of a rest particle reads, 

X'^ = (t,ro,öo,0o), (6) 

where (ö, (p) are the inner coordinates of the unit 2-sphere and a subscript impHes a constant. By definition, the 
4-velocity of this particle C/^ 

where t represents the proper tinic of the particle. The 4-acceleration for this rest particle is defined as, 

A" = U'^W^U", (8) 

where the derivative Operator V is coherent with the nictric. We calculate the amplitude by 



a = ^\g^,A^A% (9) 

and hence the surface gravity k 

n = aV^^o = a^=^{fhr'^'f. (10) 

As our second fundamental assumption, we require that k is a nonsingular number [ll| . We note that zero also implies 
Singular in view of the third law of thermodynamics. Hence, /(r) must be Singular (zero or divergent) at r = C, since 
h(r) has a pole at r = C. We separate this singularity by assuming, 

f = B{r)(^l-^y, (11) 

where B(r) is a regulär function at r ~ C. The surface gravity k becomes, 



^x (m+l)/2 / ^x(m-l)/2^ 



1 

n = — 
2 

K is regulär at r = C iff m = 1. Whcn rn = 1, it is easy to reach, 

1 
2 



(12) 



«=V/2^. (13) 



Now (dl becomes, 

ds"^ = -B{1 - C/r)dt^ + (1 - C/r)-^dr^ + r'^d^l. (14) 

A more direct way to reach the above equation is to consider the fundamental requirement of metric, which says that 
a metric cannot degenerate. The determination of metric ([T]), 

det(.9) = -/ M - - j r^ sin^ 9. (15) 

Thus / must have a factor 1 — C /r to prevent det(5) from divergence or vanishing. Again, we get (|lip . In black hole 
thermodynamics, surface gravity is nothing but temperature. A reasonable requirement for temperature is nonzero 
and non divergence. We see that in a spherically Symmetrie Space a regulär metric and a regulär surface gravity have 
the sanie implication. 

A principle requirement of any metric is to satisfy the Newtonian approximation. The Newtonian form for a 
spherically metric is written as usual, 

ds^ = -(1 + 2(t))dt^ + (1 - 24))dr'^ + r'^dnl, (16) 

where — —M/r is the Newtonian potential and M labeis the central mass. Comparing the above metric and (|14p . 
we immediately get 

B = l. (17) 

We revisit the Misner-Sharp mass in ©. It is easy to see that Misner-Sharp mass just niakes the Newton sense in 
this case. Thus we complete the derivation of Schwarzschild spacetime via thermodynamical considerations. The 
key point is an isolated Misner-Sharp System. 



III. RELATED TOPICS 

Slight improvements of the deduction in the above section can help us to obtain some other spherical spacetimes. 
First, we deal with asymptotical (anti) de Sitter space. The metric assumption ([T]) and the definition of ^ keep the 
same in this case. For the first law in an isolated Misner-Sharp System, a pressure term should be introduced in the 
right hand side, 

SM^s = PdV, (18) 

where P =constant (de Sitter/anti de Sitter depends on the sign of P) is the pressure and V is the volume in 
consideration. And then we obtain h{r) for this asymptotical de Sitter, 

Similar to the arguments in the previous section, we obtain, 

/^l-2-^^^ (20, 

r 6 

where C = 2M. We just note that in the above derivation, we use a Newtonian potential for a particle in asymptotical 
de Sitter ^, 

M AttP , , , 

</. = —t\ 21 

r 3 

Second, we consider a spacetime with electromagnetic field. We still adopt ([T|) and ([2|) as starting point. The first 
law in an isolated Misner-Sharp System is changed to 

5M,^s = '^dq, (22) 

in which $ ~ q/r marks the electric potential and q labeis the Charge residing at r = 0. Solving the above equation, 
we arrive at, 

1-2 + 4)". im 

r r'^ / 
Similar to the above section on the discussions of surface gravity, we obtain, 

/ = B{r) (l-^ + ^Y (24) 

\ r r^ / 

However, in this case Newtonian approximation cannot do its work since Maxwell field has no mass in Newtonian 
mechanics. Even the equivalence between mass and energy in special relativity makes no improvements because the 
electric energy of a point charged particle is divergent. We can only reach a metric which is very similar to Reissner- 
Nordstrom, except that 500 has an undetermined factor B{r). Third, we explore the higher dimensional case. For 
spherically Symmetrie n-dimensional spacetime, 

ds^ = ~f{r)dt^ + h{r)dr^ + r^dill^^, (25) 

the Misner-Sharp mass inside the sphere with radius r reads, 

M^s = TT^Trin - 2)a.-2r"-''(l - h-^), (26) 

where G„ denotes n-dimensional Newton constant, fln-2 represents the volume of a n — 2 dimensional sphere. It is 
easy to check the above mass degenerates to ([2]) when n — 4. Completely following the procedure in 4-dimensional 
case, we reach n-dimensional Schwarzschild spacetime, 

ds^ = -(1 - C/r"-3)rfi2 + (1 _ C/r"-3)-idr2 + r''dnl_^. (27) 



IV. CONCLUSION AND DISCUSSIONS 

The previous derivations of Einstein equation from thermodynamics nieet fundamental logic and practical difficul- 
ties. Generally, the symmetry of a Solution of a theory is higher than the theory itself. We restrict our aspiration 
in derivation of the most soundly tested Solution: Schwarzschild Solution. Several quasilocal masses for gravity have 
been suggested. But ensemble properties of these masses have never been mentioned in previous works. We show 
that Misner-Sharp mass is essentially for isolated System, and thus composing microscopic ensemble. Under this 
assumption, we get "half Schwarzschild spacetime. Then, by using the other supposition that surface gravity should 
be regulär all over the space we reach the füll Schwarzschild spacetime. We also discuss the derivations about de 
Sitter, Reissner-Nordstrom, and higher dimensional cases. Why do not we get a Solution in modified gravity by using 
a Variation of Misner-Sharp mass? One reason is that Misner-Sharp mass form in modified gravity may be different 
from that of GR 13]. The second reason is that maybe modified gravity cannot reach equilibrium State. So the 
equilibrium thermodynamics cannot yield a Solution in modified gravity. F{R) gravity has been displayed always in 
non-equilibrium State [14| . We expect that if one want to get a Solution in modified gravity one should consider the 
two aspects of modified gravity at the same time. 

Acknowledgments. H Zhang thanks Prof E Verlinde for discussions of the acceleration used to derive Newtonian 
theory in entropic force approach. This work is supported by the Program for Professor of Special Appointment 
(Eastern Scholar) at Shanghai Institutions of Higher Learning, National Education Foundation of China under grant 
No. 200931271104, and National Natural Science Foundation of China under Grant No. 11075106 and 11275128. 



[1] R Wald, Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics, Univ. Chicago Press(1994). 

[2] T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995) arXiv:gr-qc/9504004 . 

[3] E. P. Verlinde, JHEP1104,029(2011), arXiv:1001.0785 [hep-th]. 

[4] A. Sommerfeld, Atomic Structure and Spectral Lines, 3rd English edition, translated by H. L. Brose, Menthuen (London, 

1934). 
[5] T. Padmanabhan, J. Phys 306, 1(2011), 12001-12018; T. Padmanabhan, arXiv: 1206.4916 [hep-th]; Yu Tian, Xiao-Ning 

Wu, JHEP 2011, 1(2011), 150; Kourosh Nozari, Siamak Akhshabi, Phy.Lett.B, 700, 2(2011), 91-96; R. B. Mann, J. R. 

Mureika, Phy. Lett. B, 703, 2(2011), 167-171; A. Sheykhi, H. Moradpour and N. Riazi, arXiv:1109.3631v3 [physics.gen-ph]; 

A. Sheykhi, Z. Teimoori, Gen. Relativ. Gravit, 44, 5(2012), 1129-1141; Shu Zhu, Shao-Feng Wu, Guo-Hong Yang, Mod. 

Phys. Lett. A, 26,14(2011), 1025-1034; A. Sheykhi and K. R. Sarah, arXiv; 1206. 1030 [physics.gen-ph]; W. J. Jiang, Y. X. 

Chen and J. L. Li, arXiv; 1206. 3492 [hep-th]; R. Banerjee and B. R. Majhi, Phys. Rev. D 81, 124006 (2010); M. Li and Y. 

Wang, Phys. Lett. B 687, 243 (2010); R. G. Cai, L. M. Cao, N. Ohta, Phys. Rev. D 81, 061501 (2010) ;R. -G. Cai, L. - 

M. Cao, N. Ohta and , Phys. Rev. D 81, 084012 (2010) arXiv:1002.1136 [hep-th]]; W. Shu and Y. Gong, Int.J.Mod.Phys. 

D 20, 553 (2011); C. Gao, Phys. Rev. D 81, 087306 (2010); Y. X. Liu, Y. Q. Wang and S. W. Wei, Class. Quant. Grav. 27, 

185002 (2010); P. Nicolini, Phys. Rev. D 82, 044030 (2010); T. Wang, Phys. Rev. D 81, 104045 (2010). S. H. Mehdipour, 

A. Keshavarz, Europhys. Lett. 91, 10002 (2012). S. H. Mehdipour, Eur. Phys. J. Plus (2012) 127: 80R. G. Cai, L. M. Cao 

and N. Ohta, arXiv:1001.3470 [hep-th];H. Zhang, X. -Z. Li and , Phys. Lett. B 715, 15 (2012) arXiv:1106.2966 [gr-qc]]. 
[6] W. Gu, M. Li and R. X. Miao, Sei . China G 54 1915 (20111 .arXiv:1011.3419> ep-th]]: R. X. Miao, J. Meng and M. Li, Sei. 

China G 55 375 (2012) a rXiv:1102. 1166 hep-th]]. 
[7] A. Kobakhidze, Phys. Rev. D 83, 021502 (2011). 
[8] L. B. Szabados, Living Rev. Rel. 7, 4 (2004). 
[9] G. Bergqvist, Classical Quantum Gravity 9(1992) 1753. 
[10] C. W. Misner and D. H. Sharp, Phys. Rev. 136, B571 (1964);S. A. Hayward, Phys. Rev. D 49, 831 (1994);S. A. Hayward, 

Phys. Rev. D 53, 1938 (1996);R. G. Cai and L. M. Cao, Phys. Rev. D 75, 064008 (2007); 
[11] Zheng Zhao, Black hole thermodynamics and spacetime singularity, Beijing Normal University Press, 1999(in Chinese). 
[12] See for exmple, E Kolb, M Turner, The early universe, Addison- Wesly Publishing company,1990. 
[13] R. -G. Cai, L. -M. Cao, Y. -P. Hu, N. Ohta, Phys. Rev. D 80, 104016 (2009) arXiv:09 10.2387ii [hep-th]]. 
[14] C. Eling, R. Guedens, T. Jacobson, Phys. Rev. Lett. 96, 121301 (2006) gr-qc/0602001, . 



